By studying the Heegaard Floer homology of the preimage of a knot K ⊂ S 3 inside its double branched cover, we develop simple obstructions to K having finite order in the classical smooth concordance group. As an application, we prove that all 59 2bridge knots of crossing number at most 12 for which the smooth concordance order was previously unknown have infinite smooth concordance order.
Introduction
The introduction of a number of invariants has revitalized the study of classical knot concordance in recent years. In this paper, we combine two of the most powerful of these new invariants, the correction term d defined by Ozsváth-Szabó in [OS06b] and the smooth concordance invariant τ defined by Ozsváth-Szabó in [OS03b] and Rasmussen in [Ras03] , with older techniques due to Casson and Gordon [CG86] , to give new obstructions to a knot being smoothly slice. Our main results imply that many knots in the knot table (cf. [CL06, CL05] ) in fact have infinite order in the smooth concordance group. Other than their common ancestry in the work of Casson-Gordon, our results do not overlap much with recent work on topological knot concordance stemming from the paper of Cochran-Orr-Teichner [COT03] ; from now on we work exclusively in the smooth category.
Our approach relies on the study of the d and τ invariants associated to the preimage of a knot K ⊂ S 3 in a cyclic branched cover (cf. [Gri06b, Gri06a] ). Let K ⊂ S 3 , and Y → S 3 be the n-fold cyclic branched cover of K with n = q r where q is a prime. It is well-known that Y is a rational homology sphere (QHS 3 ), and that if K is slice, then the corresponding branched cover W of the 4-ball branched along the slice disk ∆ is a rational homology ball (QHB 4 ). As observed in [OS03a] and elaborated in [OS06a, MO05, JN06] , this implies that many of the Ozsváth-Szabó d invariants must vanish.
However, there is more information in the branched cover, as the branch set K is the boundary of the lift ∆ of ∆ to W . Now the knot K ⊂ Y has a collection {τ s (Y, K)} of τ Heegaard Floer homology background. In Section 4 we define T p and D p and prove that they provide obstructions to finite smooth concordance order. We also discuss more general obstructions and comment briefly on the relationship of our results to recent work of Paolo Lisca [Lis06] . In Section 5, we apply our results to all 2-bridge knots of 12 or fewer crossings. We also show that the twist knots, with the exception of the figure-8 and Stevedore's knot, have infinite order in the knot concordance group. We conclude, in Section 6, with details about the τ computations.
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Lifting a spin structure
Theorem 1.1 asserts the vanishing of the τ invariants on those spin c structures on the q r -fold covers of S 3 branched along a knot K that extend over the corresponding branched cover of the 4-ball. The cohomology group H 2 (Y ; Z) acts freely and transitively on the set of spin c structures on a manifold Y , and so a choice of one spin c structure gives a bijection between that set and H 2 (Y ; Z). We will show that there is a canonical spin c structure, in fact a spin structure, on Y that extends over the branched cover of the 4-ball. This is the spin structure s 0 referred to in Theorem 1.1.
Lemma 2.1. Let p : (W, F ) → (B 4 , F ) be an n-fold cyclic branched cover with branch set a connected surface F . Then there is a unique spin structure s 0 on W characterized as follows: if n is odd, the restriction of s 0 to W − ν( F ) is the pullback s of the spin structure on B 4 − ν(F ) that extends over B 4 , whereas if n is even, the restriction of s 0 to W − ν( F ) is s twisted by the element of H 1 (W − ν( F ); Z 2 ) supported on the linking circle of F .
Proof. Let s be the spin structure on B 4 − ν(F ) that extends over B 4 and let s be its pullback to W − ν( F ). Then s extends over W iff its restriction to the circle bundle S( F ) extends over the disk bundle ν( F ). This happens precisely when the restriction to the fibre S 1 extends over the disk B 2 . Recall that a spin structure on an oriented manifold M corresponds to a cohomology class in H 1 (F (M ); Z 2 ) where F (M ) is the oriented frame bundle. Clearly F (S 1 ) = S 1 , and one can check that the spin structure on S 1 that extends over B 2 corresponds to the nontrivial element of H 1 (S 1 ; Z 2 ). Since the covering map is of order n, s "inherits" this property from s if n is odd. If n is even, s does not extend over the disks. However, since the class of the fibre is of infinite order in H 1 (W − ν( F ); Z) we may twist the spin structure s by the dual of this circle in Hom(H 1 (W − ν( F ); Z), Z 2 ) to obtain a spin structure that extends over W .
In the special case of a 2-fold cover where the branch set is a disk, the cohomology H 1 (W ; Z 2 ) vanishes, so there is a unique spin structure on W . The restriction of this spin structure to Y is readily characterized as the unique invariant spin c structure on Y , because the conjugation of spin c structures acts on the odd-order group H 2 (Y ; Z) by multiplication by −1. This observation is very convenient, because the methods of Section 6 make it easy to identify this invariant spin c structure.
τ invariants of knots in rational homology spheres
In this section we adapt the discussion from [OS03b] to nullhomologous knots in QHS 3 's. Our main aim is the proof of Theorem 1.1. We begin by collecting some standard Heegaard Floer homology facts. See [OS04b] , [OS04a] , [OS05] for more details.
Let Y be a QHS 3 and K ⊂ Y an oriented null-homologous knot in Y . We associate to the pair (Y, K) a 2n-pointed Heegaard diagram, i.e., a tuple (Σ, α, β, w, z) associated to a handlebody decomposition of Y coming from a generic self-indexing Morse function f : Y → R with |f −1 (0)| = |f −1 (3)| = n. Label the index 0 critical points a 1 , . . . a n and the index 3 critical points b 1 , . . . b n . Here,
• Σ = f −1 ( 3 2 ) is the Heegaard surface, • α = (α 1 , α 2 , . . . , α g+(n−1) ) are the coattaching circles of the 1-handles, • β = (β 1 , β 2 , . . . , β g+n−1 ) are the attaching circles of the 2-handles, and • w = (w 1 , . . . , w n ) and z = (z 1 , . . . , z n ) are two n-tuples of points (all distinct) on Σ− α− β, where w i specifies a unique flowline γ i from b i to a i (the one that intersects Σ at w i ) and z i specifies a unique flowline η i from b σ(i) to a i (σ some permutation of {1, . . . , n}).
Then K is uniquely determined by this data as the isotopy class of
In the case of a 2-pointed Heegaard diagram, one produces the Z ⊕ Z-filtered chain complex CFK ∞ (Y, K), a chain complex
• whose generators are elements of the form U n x, where x ∈ T α ∩T β is an intersection point between the α and β tori in Sym g (Σ), and n ∈ Z, • whose boundary map is given by
• an Alexander grading A(x) ∈ Z, and • a Maslov grading M(x) ∈ Q.
Furthermore, the first three assignments are related by the natural splitting
where µ is a choice of oriented meridian for K. Thinking of a spin c structure as a homology class of non-vanishing vector field (see [Tur97] , also Section 2.6 of [OS04b] and Section 2. to the second is one-half of the evaluation of c 1 (s) on the surface obtained by capping-off a Seifert surface for K with the core of the 0-surgery.
The Maslov grading is the absolute Q homological grading defined in [OS06b] . The Z ⊕ Z-filtration on the CFK ∞ chain complex arises from an assignment of a filtration bigrading A w × A z to the chain complex generators (not to be confused with the A × M bigrading discussed in Section 6). This filtration bigrading is uniquely specified by the rules:
In addition, we remark that M(U n x) = M(x) − 2n. The E 2 term of the associated spectral sequence is HFK ∞ (Y, K), and the E ∞ term is HF ∞ (Y ).
The CF(Y, K) chain complex is now the quotient complex corresponding to the A w = 0 slice of the CFK ∞ (Y, K) chain complex. CF(Y, K) has a Z-filtration coming from the A z = A Alexander grading. The associated graded chain complex of this filtered complex is CFK(Y, K). Note that the E 2 term of the spectral sequence induced by the filtration on CF(Y, K) is HFK(Y, K), and the E ∞ term is HF(Y ).
Let F(Y, K, s, ℓ) denote the subcomplex of CF(Y, K) generated by elements x ∈ CF(Y ; K) with s(x) = s and A(x) ≤ ℓ. The inclusion F(Y, K, s, ℓ) → CF(Y, s), induces a morphism on homology denoted by ı ℓ K,s . Recall that all of the aforementioned chain complexes (and, hence, all terms in the associated spectral sequences) split according to spin c structures on Y :
We denote this copy of Z 2 by HF U (Y, s). There is an interpretation of τ in terms of surgeries on K. Denote by Q(K, s, ℓ) the quotient complex CF(Y, s)/F(Y, K, s, ℓ) and by p ℓ K,s the map induced by the projection on homology. For any integer n let F n,s,ℓ : HF(Y, s) → HF(Y −n (K), s ℓ ) denote the map associated to the two-handle cobordism, where the cobordism is endowed with the spin c structure t ℓ , whose restriction to Y is s and which satisfies
here S denotes the surface obtained by capping-off a Seifert surface for K with the core of the two-handle. These conditions uniquely specify t ℓ and hence also the induced spin c structure s ℓ on the surgery. Proposition 3.3. If ℓ < τ s (K), then F n,s,ℓ ( HF U (Y, s)) is nontrivial for all sufficiently large n.
Proof. Fix a 2-pointed Heegaard diagram for the pair (Y, K) as well as a spin c structure
To relate this to the surgery recall Theorem 4.1 (and the discussion following it) in [OS04a] , which says that for all sufficiently large n,
The following properties of τ are important for our applications.
Proof.
(1) This follows from the Künneth Theorem for the knot filtration [OS04a, Theorem 7.1] and from the fact that the tensor product of two vector space morphisms is nontrivial if and only if both of the morphisms are nontrivial.
(2) If (Σ, α, β, w, z) is a doubly pointed Heegaard diagram for (Y, K), then (−Σ, α, β, w, z) is a diagram for (−Y, K). If x, y ∈ T α ∩T β and φ ∈ π 2 (x, y), then consider the homotopy class φ ′ of disks from y to x, obtained from φ by precomposing with the complex conjugation. If J s is any one-parameter family of complex structures, then J s -holomorphic representatives for φ are in one-to-one correspondence with −J s -holomorphic representatives for φ ′ . This correspondence induces a duality map D : CF * (Y, s) → CF * (−Y, s) which takes elements in A z filtration level ℓ to A z filtration level −ℓ; here CF * denotes the chain complex and CF * the cochain complex obtained by applying the Hom(·, Z 2 ) functor. Applying the duality isomorphism to the short exact sequence corresponding to the inclusion F * (Y, K, s, ℓ) → CF * (Y, s) yields the following exact sequence
The image of the left map in homology has trivial projection into HF *
Moreover, if W is spin, then s 0 can be chosen to be a spin structure.
Proof. The first statement follows from [OS06a, Proposition 4.1]. For the second note that
Since W is a QHB 4 , this map preserves absolute grading, hence the map in degree zero is an isomorphism.
Proof. If g(S) = 0 we may replace K with the connected sum of K and the trefoil of appropriate handedness so as to increase both sides of the claimed inequality by 1. Thus we may assume g(S) > 0. We may further assume that τ s (Y, K) ≥ 0 by changing the orientation of Y if necessary (see Proposition 3.4).
Choose ℓ < τ s (K) and let X be obtained from W by adding a two-handle along K with framing −n, where n is large enough so that Proposition 3.3 applies. Endow X with a spin c structure t, whose restriction to Y is s and whose restriction to the two-handle cobordism agrees with t ℓ (defined before Proposition 3.3). Then
where S denotes the surface obtained by capping-off S with the core of the two-handle. 
from which we conclude τ s (K) ≤ g(S).
We note that Theorem 1.1 is an immediate consequence of Proposition 3.5 and Theorem 3.6.
Obstructions to finite concordance order
Using Theorem 1.1 to test whether a given knot is slice might in principle require a good deal of calculation. This is because one does not know in advance the subgroup G with |G| 2 = |H 2 (Y ; Z)| (referenced in the theorem) on which all τ and d invariants must vanish;
hence, to rule out the existence of such a subgroup, one must find all subgroups G of the appropriate order and verify that, indeed, either
This can be computationally formidable; as an example consider the 2-bridge knot K 45,17 . The d-invariant calculations in [JN06] left open the possibility that K = # 4 K 45,17 might be slice. Similarly, the τ obstruction for K necessitated the computation of τ s for s ∈ s 0 + G on all order 45 2 subgroups G of (Z/45) 4 , which we did using the program pari-gp [The05] . The computation took quite a while (there are 9, 745, 346 such subgroups), and indeed there exist nonzero τ -invariants in each one so that K is not slice. The complexity of such calculations clearly gets out of hand rapidly.
Inspired by Jabuka-Naik's idea (see Obstruction 5.1 in [JN06] ) of looking at smallerorder, more computationally-accessible, subgroups of H 2 (Y ; Z), we developed two simple obstructions to a knot having finite smooth concordance order. Although at first glance these obstructions seem much weaker than the original obstructions provided by Theorem 1.1, they have had remarkable success on the class of knots upon which we were able to perform calculations. In fact, our obstructions were able to show that all of the 2bridge knots considered in [JN06] have infinite concordance order. We also determined the (previously unknown) smooth concordance order of all 2-bridge knots with crossing number at most 12. The obstructions and examples follow in the next two sections. The final section is devoted to a brief explanation of how the τ calculations were performed.
We will find the following notation useful in what follows. If f : A → Q is a function on a finite abelian group and H < A is any subgroup we let S H (f ) = h∈H f (h). 
It is worthwhile to remark at this point that the definitions of T p and D p are considerably simpler when A = H 2 (Y ; Z) is cyclic (as is the case for all 2-bridge knots). In this case, there is a unique subgroup of A of order p for each p dividing det(K), and hence T p (resp. D p ) is just the absolute value of {s∈Spin c (Y )|s has order p} τ s ( K) (resp. d s (Y )).
More generally we note that T p or D p is nonzero if the sums S H of the corresponding invariants are nonzero and of the same sign on all the subgroups H of order p.
The rest of this section will be devoted to proving Theorem 1.2, the statement of which we repeat here for convenience: Theorem 1.2. Let K ⊂ S 3 be a knot and p ∈ Z + prime or 1. If there exists a positive n ∈ Z such that # n K is smoothly slice, then T p (K) = D p (K) = 0.
Proof. The proof is essentially Theorem 1.1 in the case q r = 2 combined with the elementary observation that a finite abelian group of order m contains a subgroup of order p (p prime) whenever p|m.
Assume that K has finite smooth concordance order, n, and fix a prime p.
where Y is the double-branched cover of K. By Theorem 1.1 in the case q r = 2, there exists a subgroup G < A n with |G| = |A| n/2 on which τ and d vanish identically (here, again, we have fixed an affine identification of Spin c (Y ) with H 2 (Y ; Z)). As usual, K denotes the preimage of K in Y .
We represent an element g ∈ G by g = (g 1 , . . . , g n ) where g i ∈ A. Note that
(see Proposition 3.4 and Section 2.3 in [JN06] ).
Consider a finite abelian group, A, and suppose that we have a function f : A → Q. We have in mind A = H 2 (Y ; Z) and f either the τ or d invariant subject to a fixed affine identification of Spin c (Y ) with A. Given such an identification, there is a straightforward extension that identifies Spin c (# n Y ) with A n . For n ∈ N, denote by f (n) : A n → Q the function f (n) (g 1 , . . . , g n ) = f (g 1 ) + · · · f (g n ).
We assume without loss of generality that p divides det(K) and hence |G|. Therefore, G contains an element of order p, say g = (g 1 , . . . g n ). Note that ∀ i ∈ {1, . . . n} g i has order dividing p and at least one of the g i has order p. Let < g >= {0g, g, . . . , (p − 1)g} denote the cyclic subgroup in G generated by g and G i denote the cyclic subgroup in A generated by g i . Theorem 1.1 tells us that f (n) vanishes identically on G, hence on < g > for f = τ, d.
In particular, f (n) (mg) = 0 for m = 0, . . . , p − 1.
Note that f (n) (0g) = nf (0) = 0 implies that T 1 = D 1 = 0, proving the proposition for p = 1.
We now have:
As in Jiang's proof [Jia81] that algebraically slice knots form an infinitely generated subgroup of the concordance group, this test can be applied, one prime at a time, to show that knots are linearly independent. See Proposition 5.1 for an application of this principle. 4.1. Further obstructions to finite concordance order. Even when T p and D p vanish, it is sometimes possible, through more careful analysis, to find an obstruction to finite concordance order. The following two propositions describe tests we developed to deal with the knots K 77,18 , K 81,14 , K 125,33 , and K 209,81 , for which T p and D p failed to provide an obstruction.
Proposition 4.2. Let K ⊂ S 3 be a knot of finite concordance order and let p be a prime. Denote by Y the double-branched cover of K and by K the lift of K to Y . Suppose that the p-subgroup A p of A = H 2 (Y ; Z) is isomorphic to Z p and fix some affine identification of Spin c (Y ) with A that sends the spin structure on Y to 0. Then
where d * denotes the (multiplicative) inverse of d modulo p.
Proof. Suppose # 2n K is smoothly slice. If G < A 2n has order |A| n , then G contains a subgroup G p isomorphic to (Z p ) n . Note that G p is a subgroup of H = (Z p ) 2n < A 2n . Let {g i ; i = 1, . . . , n} be a set of generators for G p . By elementary operations and rearrangement of summands in H we may assume that the generators are of the form g i = (e i , h i ) where e i ∈ (Z p ) n has the only nonzero entry in the i th component equal to 1
Define M (resp. m) to be the maximum (resp. minimum) of f on A p . Assume contrary to the statement of the proposition that M + m = 0. Then by replacing f with −f if necessary, we may assume that M + m > 0. Let k ∈ Z p be such that f (k) = M . Then
which contradicts Theorem 1.1.
Fix ℓ ∈ {1, . . . , n}, k ∈ Z p with f (k) = M , and choose some d ∈ ∆(M ). Since
, it follows that dh ℓj ∈ ∆(−M )∪ {0} for j = 1, . . . , n. Since g ℓ is nonzero, at least one h ℓj has to be nonzero and hence h ℓj ∈ d * ∆(−M ). In fact, since the above did not depend on which d ∈ ∆(M ) we chose, we conclude that
as desired.
In another direction, we can extend the definitions of T p and D p to include subgroups of prime-power order. More specifically, assuming notation from Definition 4.1, suppose that p k divides the exponent of A for some k > 1. Then letting G p k be the set of all cyclic subgroups of A of order p k one may define T p k and D p k as in the case k = 1. The conclusion of Theorem 1.2 can then be strengthened to T p k (K) = D p k (K) = 0 for all k for which p k divides the exponent of any subgroup of H 2 (Y ; Z) n of order |H 2 (Y ; Z)| n/2 (as usual, Y is the double-branched cover of K). The largest power of k as above is difficult to determine in general; we state a proposition for the particular class of groups of interest to us here. Proposition 4.3. Let K ⊂ S 3 be a knot and p a prime. Suppose that the p-subgroup of H 2 (Y ; Z) is cyclic and let p m be the largest power of p dividing |H 2 (Y ; Z)|. If some positive multiple of K is smoothly slice, then T p k (K) = D p k (K) = 0 for all k ≤ ⌊ m+1 2 ⌋.
Proof. Suppose A is a finite abelian group with cyclic p-subgroup and |A| = p m s, (p, s) = 1. If G < A n has order |A| n/2 , then p mn/2 divides the order of G. It follows that either G has an element of order p m/2 (if m is even) or of order p (m+1)/2 (if m is odd). Clearly then one of the components of this element has that order. From here the proof proceeds inductively on k where each step is essentially the same as the case k = 1; the only difference being that for k > 1 at the end of the proof we get a sum of sums S H , where the order of H divides p k .
Although one may be tempted to extend the definitions of T p and D p to more general p, there are problems with doing so. As an example, consider the 2-bridge knot K 45,17 . Its d invariants vanish on the order 3 subgroup and have sum zero on the order 5 subgroup, but the sum of the d invariants over any larger subgroup is nonzero. One may wonder if that could be used as an obstruction to finite concordance order, since any subgroup of order 45 n in (Z 45 ) 2n contains either elements of order 9 or elements of order 15. Using an analogue D 15 (and D 9 ) of the invariant D from Definition 4.1 one would like to conclude that indeed the knot has infinite concordance order. Unfortunately, there are elements of order 15 in (Z 45 ) 2n that have components of orders 3 and 5 only. In fact, with this in mind, it is easy to construct subgroups of order 45 2 in (Z 45 ) 4 on which the obstruction coming from d invariants vanishes. This is consistent with results of [JN06] . [Lis06] that if K p,q is slice, then it is on a list of knots previously known to be ribbon. He uses the fact that if K p,q is slice, then its double cover −L(p, q) bounds a rational homology ball. By Donaldson's theorem, the intersection form, P , of a canonical plumbed 4-manifold bounded by −L(p, q), embeds in a diagonal form, D n . A complicated algebraic argument then produces the list of possible (p, q). Lisca's theorem does not a priori decide the concordance order of any 2-bridge knot, and so our results do not follow from his. It is possible that a generalization of his method would say something about concordance order, but the following example suggests that this may be difficult to carry out; it shows that the assumption that P ⊕ P embeds in D n ⊕ D n does not imply that P embeds in D n .
Lisca's work. It is worth commenting upon the relationship between our results and recent remarkable work of Paolo Lisca. He shows in
Example 4.4. Let P be the intersection form of the plumbing of a degree 2 and a degree 3 bundle over S 2 . Then P does not embed in D 2 , for you need at least 3 vectors to realize intersection number 3. However, P ⊕ P can be embedded in D 2 ⊕ D 2 = D 4 as follows: let e 1 , e 2 , e 3 , and e 4 denote the standard ON basis and let a i and b i be generators in P i = P for i = 1, 2 with a 2 i = 2 and b 2 i = 3. Then the map a 1 →e 1 + e 2 b 1 →e 1 + e 3 + e 4 a 2 →e 3 − e 4 b 2 → − e 1 + e 2 + e 3
gives an embedding of P ⊕ P in D 4 .
Examples
There are many knots in the knot tables whose order in the smooth concordance group is unknown [CL06, CL05] . Combining Theorem 1.1 with we have been able to determine all of the previously-unknown smooth concordance orders for 2-bridge knots of at most 12 crossings. Some sample results are summarized in Table 1 , where we also indicate which invariants provide an obstruction to finite smooth concordance order.
The most interesting example from our point of view was K = 10 10 = K 45,17 . As remarked above (Subsection 4.1) the d-invariants fail to obstruct the possibility that K has order 4. However, τ ( K) shows K has infinite concordance order, since both T 3 = 0 and T 5 = 0. Further along in the Knotinfo tables, we found the 12-crossing 2-bridge knots K 81,14 and K 125,33 , for which D 3 and D 5 vanish (respectively). However, D 9 and D 25 are non-zero, and using Proposition 4.3 we showed that these knots have infinite order. Similarly for the 12-crossing 2-bridge knot K 209,81 both T and D invariants associated to 11 and 19 are zero, however the knot has infinite order by Proposition 4.2 applied to either d or τ invariants. 5.1. Twist Knots. We mention the subclass of twist knots (K p,2 ), since these were the 2-bridge knots originally addressed by Casson and Gordon. The following result is a generalization of Jiang's theorem [Jia81] that the set of algebraically slice twist knots K p 2 ,2 , p ≥ 5 a prime, is linearly independent in the concordance group.
Proposition 5.1. All twist knots K p,2 , p ≥ 3, have infinite order in the knot concordance group except for p = 9 (Stevedore's knot, which is slice) and p = 5 (figure-8 knot, which has order 2). Moreover, twist knots in any family K p i ,2 with p i = 5, 9, such that for each i there exists a prime dividing p i and not dividing p j for j = i are linearly independent in the concordance group.
Proof. Recall from Section 4.1 of [OS03a] (see also [OS06a] ) that the d-invariants of the double-branched cover of K p,2 are
for |k| ≤ p−1 2 , where k = 0 corresponds to the spin structure. Then d(0) = 0 iff p ≡ 3 (mod 4). Assume now that p ≡ 1 (mod 4), let q be a prime dividing p and write p = qs. Then we have (up to sign)
Now D 3 = 0 iff s = 3 which corresponds to Stevedore's knot, and D 5 = 0 iff s = 1 which corresponds to the figure-8 knot. Note that D 3 < 0 if s > 3 and D 5 < 0 if s > 1. Finally D q < 0 for q ≥ 7 except for q = 7 and s = 1, which corresponds to p = 7 (which is not congruent to 1 modulo 4). To show linear independence suppose a knot K = # n i=1 m i K p i ,2 is slice. Let q i be a prime dividing p i and not dividing any other p j . If q i > 7, then D(K p i ,2 ) = 0 and D(K p j ,2 ) = 0 for j = i. Hence it follows that m i = 0. If q i = 3 and p i > 9, or q i = 5 and p i > 5, or q i = 7 and p i > 7 the same conclusion holds. If p i = 3 or p i = 7 then a direct computation shows that the D invariant is nonzero, leading to the same conclusion.
Computing τ invariants for preimages of 2-bridge knots
To compute the τ invariants associated to the preimage, K p,q , of the 2-bridge knot K p,q ⊂ S 3 inside its double-branched cover −L(p, q), we used a computer program written in Mathematica. This program implemented the combinatorial description of the knot Floer homology of the preimage of a 2-bridge knot inside its double-branched cover presented in [Gri06a] . We summarize the results of that paper and add some minor improvements to the combinatorial description of the (A, M) bigrading using results from the more recent work in [MOST06] .
Recall that we can associate to K p,q ⊂ −L(p, q) a compatible 4-pointed, genus 1 Heegaard diagram which is a twisted toroidal grid diagram consisting of two parallel curves of slope 0 and two of slope p q , partitioning the torus into 2pq cells. More specifically, we identify the universal cover of the torus with the plane:
The two curves of slope 0 on T 2 are the image in T 2 of the lines y = 0 and y = 1 2 and the two curves of slope p q are the image in T 2 of the lines y = p q x and y = p q (x − 1 2 ). We now identify the toroidal grid diagram with the fundamental domain [0, 1] × [0, 1] ⊂ R 2 , 4 and position our four basepoints at
where 0 < ǫ < min( 1 p , 1 q ). See Figure 1 for the example of K 7,3 . We calculate τ s for all s ∈ Spin c (−L(p, q)) by considering the chain complex • whose generators are indexed by bijections between the set of slope 0 curves and the set of slope p q curves, • whose differentials are given by counting parallelograms missing all w basepoints, and • with a filtration induced by the Alexander grading.
By Lemma 2.1 in [MOST06] , this chain complex has the filtered chain homotopy type of CF (−L(p, q)) ⊗ V where V is the chain complex with two generators, one in bigrading (A, M) = (0, 0) and one in bigrading (−1, −1), and no differentials. In other words,
• The associated graded complex of this chain complex is HF K(−L(p, q), K p,q ) ⊗ V, and • the E ∞ term of the spectral sequence associated to this filtered complex is
i.e., for all s ∈ Spin c (−L(p, q)), there are two generators, one in bigrading (τ s , d s ) and the other in bigrading (τ s − 1, d s − 1). 6.1. Enumerating Generators and Differentials. We label the intersection points as described in [Gri06a] . Namely, intersection points with β and J(β) along the curve α are cyclically labeled x 0 , x ′ 0 , x 1 , x ′ 1 , . . . , x p−1 , x ′ p−1 , and intersection points with β and J(β) along the curve J(α) are labeled y ′ 0 , y 0 , y ′ 1 , y 1 , . . . , y ′ p−1 , y p−1 . See Figure 2 . The generators of the chain complex are therefore pairs of the form (x i , y j ) and (x ′ i , y ′ j ) for i, j ∈ Z p . This labeling convention is chosen so that the sum of indices constituting a Table 2 . Splitting of generators in Figure 2 according to spin c structures generator specifies the spin c structure in which it lives. More precisely,
where the subscript on s denotes a particular affine identification of Spin c (−L(p, q)) with H 2 (−L(p, q), Z) ∼ = Z p , subject to the condition that the unique spin structure is identified with 0 ∈ Z p . There are 2p 2 generators, 2p in each spin c structure for −L(p, q). See Table 6 .1 to see how the generators in Figure 2 break up into spin c structures.
After enumerating the generators, we turn our attention to enumerating the differentials. In other words, we wish to determine how many differentials (parallelograms) missing all w basepoints connect g 1 to g 2 , assuming that g 1 and g 2 are two generators of our chain complex • living in the same spin c structure and • having relative homological (Maslov) grading 5 difference 1, i.e., M(g 1 ) − M(g 2 ) = 1.
Since there are always exactly 2 parallelograms connecting any two generators in the same spin c structure with relative Maslov grading 1 (see Figures 3 and 4) , the only question is how many of these parallelograms (mod 2) miss all w basepoints. Therefore, the multiplicity of g 2 in the boundary of g 1 is the reduction mod 2 of the number (0, 1, or 2) of such parallelograms containing no w basepoints. 6.2. Computing Gradings. Denoting the set of generators of the chain complex by G, the Alexander (filtration) grading is an assignment
calculating the relative Maslov gradings there using the easy formula proved in [MOST06] , then use Lee and Lipshitz's result in [LL06] relating relative Maslov gradings under covers. To nail down the absolute Q-grading, we use the inductive formula for the correction terms in [OS03a] to pin down the absolute grading for one generator, thus pinning down the absolute grading for all generators.
The first step in this process is understanding how to construct a Heegaard diagram for the pair (S 3 , K p,q ) from the Heegaard diagram for the pair (−L(p, q), K p,q ).
The following lemma describes how to do this for any 2n-pointed, grid number n, twisted toroidal grid diagram for a knot in a lens space (not just the grid number 2 knots of interest here).
Lemma 6.1. Let T be a twisted toroidal grid diagram for K in L(p, q). Form the universal cover, R 2 of T , identifying T with
the fundamental domain of the covering space action. Let Z be the lattice generated by the vectors (1, 0) and (0, p). Then T = R 2 /Z is a Heegaard diagram compatible with K ⊂ S 3 , where K is the preimage of K under the covering space projection π : S 3 → L(p, q).
Proof of Lemma 6.1: The original twisted toroidal grid diagram T compatible with K ⊂ L(p, q) corresponds to a handlebody decomposition of L(p, q) with one solid handlebody, Y 0,1 formed by the union of n 0-and 1-handles and the other solid handlebody Y 2,3 similarly formed by the union of n 2-and 3-handles. ∂(Y 0,1 ) = ∂(−Y 2,3 ) = T. We will construct a Heegaard diagram for K ⊂ S 3 by constructing a handlebody decomposition of the universal cover, S 3 , compatible with this handlebody decomposition of L(p, q) and the covering space action. Namely,for every h in the handlebody decomposition of L(p, q), π −1 (h) = { h, a h, a 2 h, . . . , a p−1 h} is a collection of handles in the handlebody decomposition for S 3 , where a is a generator of π 1 (L(p, q)) ∼ = Z p , and π : S 3 → L(p, q)
is the covering space map. The attaching maps for the lifts of the handles are uniquely specified by the condition that they commute with the covering space projection. Applying this procedure to the handlebody decomposition associated to T corresponds to cutting Y 0,1 open along some meridian and gluing p copies of the resulting D 2 × I together. From the point of view of the boundary, T , this corresponds to stacking p copies of T on top of each other (when T is identified with the fundamental domain [0, 1] × [0, 1] in R 2 ). This is precisely a description of T = R 2 /Z.
Note that T is just a standard (untwisted) toroidal grid diagram for the link K in S 3 (in the sense of [MOS06] ). With this in mind, it will be convenient for us to choose a slanted fundamental domain for T ⊂ R 2 , whose top and bottom edges are the same α curve and whose left and right edges are the same β curve. See Figure 5 .
We now recall the following fact, which is essentially Theorem 4.1 in [LL06] . See [OS06b] for a definition of gr, the absolute Q homological grading. Theorem 6.2. [LL06]Let g 1 and g 2 be generators in torsion spin c structures in a Heegaard Floer chain complex, CF (Y ), associated to a particular Heegaard decomposition hd(Y ) for Y .
Let π : Y → Y be a degree n covering map and hd( Y ) the associated Heegaard decomposition of Y compatible with π.
Let g 1 and g 2 be the unique generators in CF ( Y ) with the property that π( g i ) = g i for i = 1, 2. Then gr(g 1 ) − gr(g 2 ) = 1 n [ gr( g 1 ) − gr( g 2 )].
This theorem allows us to compute the relative Q gradings between generators in the twisted toroidal grid diagram for (−L(p, q), K p,q ) by lifting the generators to the π-compatible toroidal grid diagram for (S 3 , K p,q ) and computing their relative gradings there. Furthermore, in [MOST06] , an easy formula is given for determining the absolute Q grading for generators on a toroidal grid diagram for a link K in S 3 . Namely, they define a function
where S is the set of finite sets of points on R 2 : If A, B ∈ S, then I(A, B) is the number of pairs (a 1 , a 2 ), (b 1 , b 2 ) for which (a 1 , a 2 ) ∈ A, (b 1 , b 2 ) ∈ B, a 1 < a 2 and b 1 < b 2 .
Upon identification of the toroidal grid diagram with a fundamental domain in R 2 with the property that the left edge is one of the β curves and the bottom edge is one of the α curves, they then define a function: where x is a generator of the chain complex, and O is the set of w basepoints. They then go on to prove that M (independent of the choice of identification of T with a fundamental domain on R 2 ) is precisely gr, the absolute homological grading, on S 3 .
[MOST06] also describes how to obtain the Alexander grading for a generator by comparing its Maslov grading with respect to the w basepoints with the Maslov grading with respect to the z basepoints:
where n is the grid number of K. Although the formula is stated in [MOST06] only for a knot in S 3 , it holds equally well for generators in a chain complex arising from a general balanced 2n-pointed Heegaard decomposition of a QHS 3 . In fact, it is a direct consequence of one of the symmetries (see [OS04a] , [OS05] ) enjoyed by such a chain complex.
Namely, suppose Y is a QHS 3 , and K ⊂ Y is a nullhomogous knot. Fix a balanced, 2n-pointed Heegaard diagram for Y compatible with K. Switching the roles of the w and z basepoints on the same Heegaard diagram corresponds to reversing the orientation on K.
Furthermore, doing so induces a linear map on the chain complex sending a generator in bigrading (i, d) to one in bigrading (−i − (n − 1), d − 2i − (n − 1)).
Hence, we need only determine the absolute Maslov gradings with respect to the w basepoints and then again with respect to the z basepoints in order to compute all of the Alexander gradings.
